MAT 2377 (Winter 2014)

Solution to Assignment 1

(2]
3.26. The random variable X has a binomial distribution with n = 4 and
p = 0.0001. We have

4
P(X =k)= <k> (0.0001)%(1 — 0.0001)** k = 0,1,2,3, 4.

2]
3.46. We have F(z) = P(X < x). Therefore

0 if <0,
0.9996001 if 0<z<1,

Flz) = 0.9996001 + 0.00039988 if 1<z<2,
0.9996001 + 0.00039988 + 5.9988(10~%) if 2<z<3,
0.9996001 + 0.00039988 + 5.9988(1078) + 3.9988(10~12) if 3 <z < 4,
1 if x>4.

(5]
2-208:

Define

A; = The " device operates,i = 1,2, 3,4, 5.

The device operates if ((41 N Ag) U A3) N (A4 U As) occurs. Since the devices
work independently, we have

P(((A1NA)UA3)N(AgUAp)) = P((A1 N Ay) U A3)P(A4 U As).
Since

P(A4 U As) = P(Ay) + P(A5) — P(A4)P(As) = 0.9+ 0.9 — (0.9)(0.9) = 0.99



and
P((A1NAy)UAs) = P(A1NA) + P(As) — P(AsN (A1 N Ay))

= 0.9801 + 0.9 — (0.9)(0.99)(0.99) = 0.99801.

Therefore
P(((A1 N A2) U As) N (A4 U As)) = 0.9880299.
(5]
3-52:
(a):
P(X <1/18)=F(1/18) =0
(b):
P(X <1/4)=F(1/4) =0.9.
(c)
P(X <5/16) = F(5/16) = 0.9
(d)
P(X>1/4)=1-P(X<1/4)=1-09=0.1.
(e)
P(X <1/2)=F(1/2)=1.
(4]
3-65: We have

E(X)=0P(X =0)+1P(X =1)+2P(X =2)+3P(X =3)+2P(X =) = 6.

Since
P(X=0)=P(X=1)=P(X =2) = P(X =3) = P(X = x)
and
Y P(X=k)=1
we have k
P(X:O):P(X:l):P(X:2):P(X:S):P(X:x):%.
Therefore

6=1/5+2/5+3/5+x/5.



Solve for = to get =z = 24.

(1]
3-110: Remark: It is 1 mark for part (a). A student that has successfully
answered part (b) will get one bonus mark. A student that has successfully
answered part (c) will get one bonus mark.

(a) Define X = number of defective components in 100 orders. Then
P(X =0) = 0.98'% = 0.1326196.

(b) Define X = the number of defective components in 102 orders and let
Y = the number of defective component in 100 orders coming from the first
order. We need to calculate P(Y = 0). Using total probability rule

P(Y =0)=P(Y =0/X = 0)P(X = 0)+P(Y = 0/X = 1)P(X = )+P(Y = 0|X = 2)P(X = 2).

Notice that

P(Y =0|X =0)=1,P(Y = 0|X = 1) = (o) _ 2 P(Y = 0|X =2) = (i) _ 2
T e o2 T () (101)(102)°

On the other hand

102

. )(0.02)1(0.98)101,P(X =2)= (122> (0.02)%(0.98)1°°,

P(X=0)=098"2 P(X =1) = (

This is equivalent to
P(X =0)=0.98"% P(X =1) = 102(0.02)*(0.98)'°*,

(102)(101)
2

Therefore using both identities we get

P(X =2)= (0.02)2(0.98)19°,

P(Y = 0) = 0.98'%2 +2(0.02)*(0.98)'°! 4 (0.02)%(0.98)*%° = 0.1326196.

(c) Define X = the number of defective components in 105 orders and let Y =
the number of defective components in 100 orders coming from the first order
and let Y = the number of defective components in 100 orders coming from the
first order. Similarly we get

P(Y=0)=PY =0X =0)P(X =0)+ P(Y =0]X = 1)P(X = 1)



Similar to the previous part P(Y = 0|X = 0) = 1 and for k = 1,2,3,4,5 we

have (10571@)
PY=0X=k) = %gg .
(100)
Also 105
P(X =k) = ( L )(0.02)k(0.98)105‘k. (1)
This gives
PY =0/X=0) =1,
5
PY=0X=1)=—
(¥ = 01X =1) = 7.
5 x4
PY=0X=2)=——
( 0] ) 105 x 104’
5x4x3
PY=0X=3)=——"—""—
( 0] 3) 105 x 104 x 103’
4 2
P = 0[X =4) = > X4x3X :
105 x 104 x 103 x 102
4 2x1
P(Y = 0X = 4) = 5X4x3x%x2X

"~ 105 x 104 x 103 x 102 x 101"
Using (1) and the above conditional probabilities we get exactly the same answer

P(Y = 0) = 0.1326196.

(2]
3-131: Let X be the number of transactions until the third computer fails.
Then X has a negative binomial distribution with » = 3 and p = 10~8. There-
fore from

E(X)=r/p=3/10"% = 3(10%)

and
Var(X) =rq/p* = 3(1 —107%)/10716 = 3(10'9).

2]
3-138:

(a) Let X be the number of defective bulbs in an automotive light. We have
X ~ Binomial(30,0.001). Therefore

P(X >2)=1-P(X =0)-P(X = 1) = 1-0.999*°~30(0.001)(0.999)* = 0.0004269616.

(b) Let T be the number of automotive lights to check to obtain a light with at
least two defective bulbs. T has a geometric distribution with p = 0.0004269616.
We want
E(T) = 1/p = 1/0.0004269616 = 2342.131.
Remark: The final numerical answer to (b) might vary slightly depending
on the rounding of the answer in part (a).

[/77]



